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Unsteady Kutta Condition at High Values of the Reduced
Frequency Parameter

F.S.Archibald*
University of Cambridge, Cambridge, England

The unsteady Kutta condition is discussed in the light of some recent experimental measurements made near
the trailing edge of a long flat plate and a 10C4 airfoil. The hierachy of disagreement from the theoretically
predicted zero trailing edge loading caused by viscous instabilities is found to be acoustically correlated vortex
shedding, natural vortex shedding, Tollmien-Schlichting waves, and, by implication, turbulent boundary-layer
eddies. The region of significant chordwise disagreement scales with the wake perturbation wavelength of the
corresponding instability. Coordinating the vorticity of the turbulent boundary layer shed from the profile air-
foil with a transverse acoustic resonance produced a distinct disagreement of the Kutta condition at high reduced
frequency parameters (\ = wc/U). In this case and for vortex shedding, the extrapolated loading coefficient at
the trailing edge increased with the nondimensional acoustic amplitude.

I. Introduction

T^HE Kutta condition as applied in unsteady
JL potential airfoil analyses is essentially an

extension of steady theory. Kutta ! postulated that a value of
circulation should be chosen in his steady potential model to
avoid a velocity singularity at the sharp trailing edge of an air-
foil. This condition can be established if the trailing edge is
also the rear stagnation point. The resulting modeled flow
pattern agrees with that observed in steady flow and also
predicts the lift and its chordwise distribution well at low
angles of attack. The theoretical consequences of this
hypothesis are that the lift loading or chordwise vorticity
jump approaches zero at the trailing edge. An alternative
statement is that the surface velocities on either side of the air-
foil approach a common value at the rear stagnation point.

For rounded trailing edges, the position of the rear
stagnation point is indeterminate, as there is no velocity
singularity to be avoided and so fix its location. In this case
and for the situation of real flows with viscosity, Taylor2

proposed the condition of zero net vorticity discharge to
establish the steady lift value. Preston3 explained the
deviation of the lift of an airfoil at low angles of incidence
from the potential theory value as due to the profile alteration
from the boundary-layer growth. His calculations in-
corporated Taylor's vorticity discharge condition. Various
approximate steady lift calculation methods for the rounded
trailing edge geometry have been proposed by Gostello 4 and
others. These extend the upper and lower lift distributions, at
a selected chordwise position, to the trailing edge to give zero
loading and thereby remove the stagnation point in-
determinacy.

In the unsteady case there are all the previous theoretical
difficulties and, in addition, the unsteady effects on the
viscous boundary layer and the shed vorticity. The latter com-
plicates the airfoil response, making it a function of the air-
foil's vorticity history. However, same theoretical assump-
tion for the Kutta condition, of no unsteady loading at the
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trailing edge, is made in linearized analyses for isolated air-
foils and those in cascades or wind tunnels.

Experimental incompressible work with oscillating airfoils
in wind tunnels has revealed that as the reduced frequency
parameter increases, the complex lift increasingly deviates
from linear theory both in magnitude and phase. The most
recent and extensive tests were done by Greidanus, van der
Vooren, and Bergh.5 They extended the range of the reduced
frequency parameter, (A = coc/£7) to 2.0 for an airfoil
mechanically oscillated separately in heaving and pitching
modes. They observed and corrected the boundary-layer
transition point motion with a trip wire. The experimental
disagreement from the Theodorsen6 potential theory was
ascribed to the Kutta condition not holding since other errors
introduced were considered too small to account for the
discrepancy.

Fujita and Kovasznay7 report on the response of a
stationary instrumented airfoil to the wake from an upstream
rotating rod. This unsteady flow situation has importance in
turbomachinery aerodynamic analyses, and Fourier decom-
position of the sharp edged gust implies very high frequency
parameters. The measured chordwise response was in good
agreement with linear theory over most of the chord except
for the final 10%. In this region theoretical agreement is poor
due to loading at the trailing edge.

Compressible unsteady airfoil theory in cascade with direct
applicability to the acoustic resonance case, discussed later, is
that of Wollston and Runyan.8 Their work on the effect of
the wind tunnel walls on the unsteady lift preceded the
acoustic resonance classification by Parker9 for the cascade
configuration. They studied the usual experimental wind tun-
nel situation of small chord to pitch ratio. This would have
given Parker resonances little different from the first cross-
mode of the tunnel. They calculated the effect this resonance
would have on the unsteady aerodynamic coefficient
measurements, and suggested that wind tunnel tests should be
designed to avoid this resonance. Whitehead10 in a linearized
compressible cascade analysis calculated the effect on the lift
of an oscillated blade when its motion excited the Parker 0-
mode. In both these numerical calculations the Kutta con-
dition was assumed.

At intermediate values of the reduced frequency parameter
for airfoils in cascade, Smith! J calculated the sound generated
by passage of unloaded rotor blades through a stationary
sinusoidal velocity field. Since he achieved very good ex-
perimental agreement acoustically, there is inferential evi-
dence that the unsteady response of the cascade agrees with
linear compressible theory at low Mach number when there is
no steady lift on the blades.

It is noted that the percentage of the total lift is not great
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Fig. 1 Different geometries attached to the square trailing edge flat
plate.

Fig. 2 The chordwise pressure distribution on the 20 in. flat plate
during self-excitation showing the /3 mode and vortex components.

near the trailing edge and a large local discrepancy might not
change the total lift by much. However, measurements made
in this region can be used to correct existing steady and un-
steady linear analyses.

Tanner12 reports that the slope of the steady lift coefficient
for a NACA 65A006 airfoil is 10% greater with a modified
blunt ended rear portion than the correct profile. Clearly the
flow instability of vortex shedding acts favorably on the un-
steady airfoil lift performance. Although, as will be shown,
the unsteady field does not satisfy the Kutta condition, this in-
stability does not prevent the steady flow from doing so. This
result suggests that treating the steady and unsteady flows
separately is valid and that the effects can be superpositioned
without significant interaction.

There has also been work on the unsteady Kutta condition
as applied at the lip of a nozzle. In this case, there is a steady
vorticity jump at the nozzle edge. Although there have been
suggested a few theoretical modifications to the Kutta con-
dition by Orszag and Crow,13 experiments by Becker and
Pfizenmaier14 find that there is no velocity singularity at the
nozzle lip when the flow is acoustically perturbed.

Recently the author has published articles15'16 which have
included measurements of the unsteady pressures near the
trailing edges of an airfoil and a bluff plate. The main thrust
of those publications was with regard to the mechanics and
manner of self-excitation of an acoustic resonance by two dif-
ferent trailing edge flow instabilities. Here those results will
be examined with regard to existing unsteady airfoil analyses.
The resonance was also used to simulate the heaving motion

of an airfoil which made possible an investigation of the un-
steady Kutta condition at high X values when the boundary
layer was turbulent.

II. Discussion of Results

The experimental results to be discussed were obtained
using a specially designed test section of a low speed wind tun-
nel. There were two full span airfoils at zero incidence in-
volved in the study of the self-excitation of the Parker /3-mode
resonance. This antisymmetric transverse acoustic resonance,
the design of the test section, and the instrumented airfoils
used are described more fully in Refs. 15 and 16. Both airfoils
had a !/2 in. Bruel and Kjaer microphone installed with a
series of selectable pressure taps in the trailing edge region
(20% of the chord). The 20 in. flat plate had an unsteady
pressure tap in the base and the steady base pressure was
measured using three holes at mid-span connected to a com-
mon plenum. The base pressure measurements were only done
for the square trailing edge. Figure 1 shows the various
trailing edge shapes that were attached to the basic square en-
ded flat plate. The 10C4 airfoil only had provision for
measuring the unsteady surface pressures.

The most severe violation of the unsteady Kutta condition
is the case of acoustically correlated vortex shedding. Figure 2
from Ref. 15 shows the chordwise surface pressure
distribution in the trailing edge region during self-excitation
of the acoustic resonance for the square trailing edge
geometry. At each chordwise station the acoustic resonance
pressure was subtracted vectorially from the combined
pressures when self-exciting to obtain the purely in-
compressible vortex shedding pressure.

During self-excitation the acoustic field is present in suf-
ficient amplitude to "lock" the vortex shedding frequency to
the acoustic frequency, and the shedding is correlated across
the span. For this case there is a total spanwise violation of the
Kutta condition and the loading at the trailing edge is twice
the surface pressure of one side. The linear chordwise loading
distribution for acoustically locked vortex shedding extends
the same distance upstream (approximately one wake per-
turbation wavelength from the trailing edge) independent of
Strouhal number.

The amplitude of the trailing edge loading increased with
the amplitude of the locking acoustic field. This is defined in
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Fig. 3 The residual Strouhal response of the square • , round • ,
convex A , and concave v geometry 3A in. from the trailing edge of
the 1 in. flat plate.



JUNE 1975 UNSTEADY KUTTA CONDITION AT HIGH REDUCED FREQUENCY 547

Table 1 Residual root mean square lift coefficients for acoustically correlated vortex shedding

Trailing edge geometry

Concave right angle
Square at end
Square (3/4in. from end)
Convex right angle
Half round
Cylinder Ref. 17

Str. no
for Pomax

0.218
0.210
0.210
0.199
0.197
0.180

Maximum residual
pressure coef-
ficients 34"
from trailing
edge

0.040
0.240
0.205
0.135
0.130

* Omax
phase

145°
135°
135°
125°
112°
112°

Integrated trailing
edge lift
coefficient

0.235
1.20
1.20
0.79
0.765
0.30

Ref. 15 as the feedback gain in the self-exciting system. In ad-
dition, the amplitude and phase of the vortex shedding had a
Strouhal number response similar to a damped single-degree-
of-freedom oscillator, although the phase of the vortex shed-
ding pressure to the acoustic mode decreased as the Strouhal
number increased. This is characteristic of a negatively dam-
ped system and is associated with the energy released by this
instability phenomena. Figure 3 shows the residual response
behavior for the different trailing edges. The residual
designation (*) means the purely incompressible pressure
which exists for correlated vortex shedding with no acoustic
field present. The curve was obtained by extrapolating the
vortex pressure measurements at the trailing edge during self-
excitation (Fig. 8, Ref. 15) to zero acoustic amplitude using
the acoustic feedback gain. It is seen that as the trailing edge
geometry goes from convex to concave the Strouhal number
for the maximum value of the pressure coefficient increases,
as does the corresponding phase.

Table 1 compares the maximum values of the residual sur-
face pressure coefficient P0*max/}/2pU2 for the various trailing
edge shapes. The rear most tap in the instrumented flat plate
was 3/4 in. from the actual trailing edge for all shapes except
the square. Due to the antisymmetry of the locking acoustic
mode, the local pressure loading is twice these values. An
estimate of the integrated lift coefficient C/^ax in tne trailing
edge region is shown in the last column. The same extent and
linear distribution as measured for the square trailing edge
was used for each trailing edge geometry. These integrated
acoustically correlated residual-lift values are compared with
the maximum lift value reported by Tanaka and Takahara17

for a circular cylinder mechanically oscillated with an am-
plitude 3.3% of the diameter. The coefficients are of similar
magnitude indicating that the full effect of the wake has been
reflected onto the effectively semi-infinite flat plate near the
trailing edge. The cylinder has a low diameter to wake
wavelength ratio and thus is totally within the near field of the
wake instability.

The acoustic mode was used as the phase reference for the
trailing edge results. Since the resonance velocities occur in
quadrature, the mode pressure has the same phase relation as
the displacement for the cylinder. The lift and Strouhal num-
ber for the cylinder in Table 1 were chosen for the same phase
as the round trailing edge.

Figure 4a shows the increase of the steady base drag
associated with the increase of the acoustic amplitude. This
was first reported by Wood 18 and is shown below to be the
result of the increase in the locked vortex shedding caused by
the acoustic field. The single curve was obtained using data
from three resonances of the perturbation apparatus for the
square trailing edge geometry. No direct comparison is
possible between the three cases because the Strouhal number
was not held constant and the mode shapes, although
transverse, were not identical. However, Fig. 4b shows a
similar slope for the increase of the trailing edge surface
pressure with the same nondimensional acoustic amplitude.
As this latter curve represents the magnitude of the unsteady
vorticity shed into the wake, it suggests that the increase in

-i.o

• 236 HZ £.£20)

+ 145 HZ (1208)

* 89 HZ (.216)

a)

^.

.2. A .6 .8
/3 MODE MAGNITUDE/j/OU2

b)
.2 .4 J

/3 MODE MAGNITUDE
1.0 1.2

Fig. 4 The locked vortex shedding square base pressure coefficient
plotted against the acoustic mode magnitude nondimensionali/ed by
the dynamic head for three tunnel resonances at different Strouhal
numbers.

base drag is due to the more intense vorticity in the von Kar-
man street.

A definition of the proportionate increase of the correlated
vortex shedding pressure (P0) above the residual value (P$)
with no acoustic field (P}) present is used in Ref. 15 to
represent the acoustic feedback gain in the self-excitation
loop. It has a value of 2.0. Changing the unsteady vortex
pressures in that definition to the steady base pressure coef-
ficient C p gives the equation below.

Using curve 4A this parameter B has a value of 1.0. Thus
the base pressure coefficient increases directly proportional to
the applied acoustic field pressure nondimensionalized by the
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Fig. 5 The rms surface pressure distribution for natural uncorrelated
vortex shedding from a square ended flat plate of 20 in. chord, ob-
tained over a velocity range of 33 to 102 f ps.

Table 2 Root mean square lift coefficients
for natural vortex shedding

Trailing edge geometry

Concave right angle
Square at end
Square 3A in. from end
Convex right angle
Half round
Cylinder Ref. 19

Pressure coef-
ficient 3/4 in.
from trailing
edge

0.040
0.150
0.750
0.100
0.110

Integrated
trailing edge
lift coeffi-
cient per base
width per unit
span CL

0.212
0.375
0.375
0.450
0.550

0.40-0.80

dynamic head. The increase of the unsteady shed vorticity is
the result of the increased acoustic velocities across the wake
center line at the plate trailing edge associated with the three
resonances.

Unsteady measurements of the drag were not made for the
acoustically correlated case. However, unsteady pressure
measurements were made along the chord and at the base for
natural uncorrelated vortex shedding. Figure 5 shows that
again the Kutta condition does not hold locally on the flat
plate span for natural vortex shedding assuming that the
pressure on the other side of the plate is 180° out of phase.
The unsteady lift distribution rises toward the trailing edge
and is confined to a region about half the distance of the
acoustically correlated case.

These measurements were made using the signal from the
various individually calibrated pressure taps on the surface
and in the base. The magnitude was read from the Bruel and
Kjaer amplifier on the slow rms meter setting. Associated with
the mean rms value at a chordwise location there was a ran-
dom amplitude fluctuation. The vertical bars indicate the ex-
tent of this unsteady lift coefficient variation from a number
of tests at different tunnel velocities. In this case there was no
significant nondimensional acoustic modal amplitude level as
shown by the field line in the figure. The acoustic modal
pressure in the trailing edge region would have been even
lower, and therefore the pressures were not corrected for this
component. Considering the range of the surface pressure
values at a given location and the associated randomness this
would be a doubtful exercise. In all cases the boundary layer
was turbulent at the trailing edge (Re=\Q6). The base
Reynolds number was 6x 10 4 for the highest tunnel velocity.
The curved line is drawn through the mean rms value and
shows that the random unsteadiness increases toward the base
center line. The random variation at each position is attributed
to the increase in the intensity of the spanwise unsteadiness
that is expected to be more severe at the trailing edge. In fact

the magnitude of the random component is approximately
proportional to the mean value of the unsteady lift.

Table 2 gives the local unsteady pressure coefficient P0 of
natural vortex shedding and the integrated lift coefficient CL
for the various trailing edge shapes attached to the square
trailing edge. The lift was calculated by doubling the
measured rms pressure on one side and assuming that locally
the shedding is 180° out of phase on the opposite side of the
plate. Extrapolation of the measured pressure to the
geometric trailing edge is possible for each geometry using the
chordwise distribution for the square trailing edge; although
the probable involvement of the convex shapes in the wake
rolling-up region suggests caution. This objection is probably
not so severe for the integrated lift. For all geometries, a
linear distribution of 2.5 base lengths was used to ap-
proximate the actual distribution found for the square trailing
edge. These values are in the second column of the table. At
the bottom of the table, the uncorrelated lift values for a
cylinder are given for comparison. These values were taken
from Gerrard19 for the same base Reynolds number.

The unsteady Kutta condition is next examined for the
laminar boundary-layer instability. Tollmien-Schlichting
waves on a 10C4 profile airfoil were discovered to be the cause
of self-excitation of the 0- mode in the same test section of the
low turbulence wind tunnel.16 In the top part of Fig. 6 is
shown the chordwise distribution of the surface pressure coef-
ficient during self-excitation. The exponent of the exponential
curve drawn through the data points was found from stability
theory and the curve was scaled to pass through the point 1A
in. from the trailing edge. The lower portion of the same
figure shows the phase variation of a hot wire anemometer
traversed along the chord and into the wake for a slightly dif-
ferent velocity and self-exciting frequency. The phase referen-
ce was the surface pressure 1 Vi in. from the trailing edge. The
0.465 U0 phase curve on the airfoil portion corresponds to the
instability wave speed measured at the extremes of the
acoustic driving range. The 0.9U phase curve corresponds to
the convected Karman street speed which was found using
measurements of the flow visualized wake from the flat plate.
This convection speed for the rolled-up wake for the previous
flat plate results was achieved within 2-3 base widths down-
stream.
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Fig. 6 The magnitude and phase of the boundary layer instability
along the 10C4 airfoil during self-excitation of the /3 mode resonance.



JUNE 1975 UNSTEADY KUTTA CONDITION AT HIGH REDUCED FREQUENCY 549

The trailing edge loading coefficient shows surprising
agreement for the two instability types. Since the wake in both
cases exhibits the same convection velocities, it suggests that
the shed vorticity from the laminar instability adjusts to form
a wake closely related to the von Karman street of vortex
shedding. Thus the resulting wake determines the trailing edge
loading in both cases.

The purpose of testing the profile airfoil was to see whether
the unsteady Kutta condition holds at high reduced frequen-
cies (X = o;c/Lr). Examining the wake perturbation with a hot
wire anemometer confirmed that it was possible to drive the
airfoil wake over the full velocity range of the tunnel with the
loudspeakers. Consequently it was possible to investigate a
wider range of frequency parameters than the flat plate. The
lowest value 14 was achieved by driving the tunnel at its
maximum speed and using the 145 Hz resonance. The am-
plitude of the perturbation was kept constant and not scaled
with dynamic head. This would correspond, using Wood's18

heaving analogy, to a constant amplitude of oscillation. The
chordwise lift distribution shown in Fig. 7 was obtained using
the same vector subtraction technique as described previously.
This figure shows that the Kutta condition was not holding
for these high reduced frequency parameters. The ex-
trapolated surface pressure at the trailing edge is listed in
Table 3. The driving acoustic amplitude used ensured that the
boundary layer was always tripped turbulent during these
tests.

For high X, this pressure discrepancy is a small percent of
the mode maximum acoustic perturbation. However, it is
real. One can clearly see the microphone signal change its
magnitude and phase when, without altering the applied
acoustic energy, the wind tunnel is started from rest. In ad-
dition, Fig. 8 shows that this trailing edge pressure coefficient
is directly related to the acoustic magnitude non-
dimensionalized by the dynamic head. There also appears to
be a residual correlated trailing edge lift coefficient an order
of magnitude lower than the vortex shedding value.

III. Conclusions
Unsteady surface pressure data obtained near the trailing

edge of a long flat plate and 10C4 airfoil have been presented.
In all cases the real fluid effects of viscosity show a trailing
edge loading indicating that the unsteady Kutta condition is
not holding to the order of each instability type.

The magnitudes of the various fluid phenomena which
form the hierachy of disagreement are examined. Spanwise
correlated vortex shedding is shown to have the greatest
disagreement when locked at the Strouhal number of
maximum response. The magnitude of the trailing edge
loading has a Strouhal response like a damped-single-degree-
of-freedom oscillator. The phase of the loading has a
Strouhal response representative of a negatively damped
oscillator that is characteristic of the instability mechanism.
The increased base drag with increased acoustic mode as
reported by Wood is shown to be associated with the increased
shed vorticity in the Karman street. Natural vortex shedding is
of next importance with the magnitude of local spanwise
loading depending upon the trailing edge geometry.

Tables 1 and 2 present the integrated unsteady lift coef-
ficients for the different trailing edge geometries for
correlated and uncorrelated vortex shedding. These results are
compared with the corresponding case for the circular cylin-

60

Fig. 7 The unsteady lift distribution on the 10C4 profile airfoil at
different values of the reduced frequency parameter X for a ft mode
magnitude of 137.9 dB = 1.60 mbars.
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Fig. 8 Extrapolated trailing edge surface pressure coefficient plotted
against the ft mode magnitude nondimensionalized by the dynamic
head.

der at the same base Reynolds number. The convex trailing
edge geometries have the highest coefficient values in all cases
indicative of more intense vortex shedding.

Pressure measurements of the acoustically coordinated
Tollmien-Schlichting wavetrain on a 10C4 airfoil are
reviewed. This laminar instability also violated the unsteady
Kutta condition and the trailing edge loading distribution has
been shown to agree with growth estimates from stability
theory. The trailing edge lift coefficient for this acoustically
coordinated instability is of the same order as residual
correlated vortex shedding from a flat plate. This agreement is
attributed to the formation region of a resulting Karman vor-
tex street in both instances. The ratio of each boundary-layer
thickness to the separated base region is probably of the same
order for both airfoils.

The acoustic mode was used to simulate the heaving of an
airfoil at high reduced frequency parameters. In this instance
the boundary layer was turbulent. The trailing edge loading as

Table 3 The unsteady surface pressure distribution extrapolated to the trailing edge

Frequency parameter
X=(coc/t/)

14
25
50

100

/5 mode magnitude
VipU2

0.28
0.31
1.23
4.57

Extrapolated pressure
as percentage of
mode magnitude

21.3
11.1
8.8
6.3

Extrapolated pressure
VipU2

0.059
0.034
0.108
0,288

Phase
degrees

162
170
154
100
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a percentage of the constant amplitude of the acoustic mode
decreased as the frequency parameter increased; while the
phase of the surface pressure increased with frequency
parameter. In addition the trailing edge pressure coefficient
showed a similar linear relationship, above a residual value,
with nondimensional acoustic amplitude as did vortex shed-
ding.

Applying these results to practical situations suggests that
for a turbulent boundary layer, the unsteady Kutta condition
would not hold on a very local basis (on the order of the eddy
correlation length scale). However, the integrated effect along
the span would result in a nominally steady Kutta condition.
The vortex shedding instability lift mechanism would be ex-
pected to affect the unsteady response of an airfoil due to the
increase in the correlation coefficient and the increased shed
vorticity if, associated with any unsteady perturbation, there
were transverse velocities at the trailing edge at the Strouhal
frequency. The trailing edge loading due to the laminar in-
stability would rarely occur in practical situations since the
freestream turbulence level, the noise level or an adverse chor-
dwise pressure distribution would be sufficient to cause tran-
sition to a turbulent boundary layer.
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